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1 Introduction
The main purpose of this article is to introduce the weak Herz type spaces with variable exponent
and give the boundedness for a large class of singular integral operators. The classical weak Herz
type spaces can be traced to the work of Hu, Lu and Yang ([7,8]) on the study of the boundedness
for some operators. The classical weak Herz type spaces mainly include the weak Herz spaces and
the weak Herz-type Hardy spaces. As well known, many important operators in harmonic analysis,
such as Caldero´n-Zygmund operators, Ricci-Stein oscillatory singular integral operators, are not
bounded on L1(Rn), but they map L1(Rn) to weak L1(Rn). So the weak Lebesgue spaceWLp(Rn)
are very important in operator theory. The weak Herz spaces are the analog of WLp(Rn) in the
setting of Herz spaces. Meanwhile, the weak Herz-type Hardy spaces are the suitable local version
of the weak Hardy spaces WHp(Rn). The classical weak Herz type spaces and related function
spaces have interesting applications in studying boundedness of many operators and the theory of
partial differential equations; see, for example [5,10,12,14,16].
On the other hand, due to their wide applications in partial dierential equations with non-
standard growth ([6]), electrorheological fluids ([13]) and image processing ([1]), the theory of
function spaces with variable exponents have attracted a lot of attentions in recent years. Partic-
ularly, such theory have achieved great progresses after the notable work of Kova´cˇik and Ra´kosn´ık
[11] in 1991; see [3], [4] and the references therein. In 2010, Izuki [9] studied the Herz spaces with
variable exponent K˙α,pq(·)(R
n) (Kα,pq(·)(R
n)) and proved the boundedness of some sublinear operators
on the spaces. In addition, Wang and Liu [15] introduced a certain Herz-type Hardy spaces with
variable exponent HK˙α,pq(·)(R
n) (HKα,pq(·)(R
n)) in 2012. Recently, Yan et al. introduced the variable
weak Hardy spaces WHp(·)(Rn) and established some characterizations and the boundedness of
some operators in [17].
Motivated by [8,9,15,17], we aim to develop the weak Herz spaces and the weak Herz-type
Hardy spaces in the setting of variable exponents. In Section 2, we first briefly recall some standard
notations and lemmas in variable function spaces. Then we will define the weak Herz spaces
*Corresponding author.
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and the weak Herz-type Hardy spaces with variable exponent. In Section 3, firstly we will prove
the boundedness for a class of sublinear operators from K˙α,pq(·)(R
n) (or Kα,pq(·)(R
n)) into the weak
Herz spaces with variable exponent WK˙α,pq(·)(R
n) (or WKα,pq(·)(R
n)). Then we will establish the
boundedness of local Caldero´n-Zygmund type operators from HK˙α,pq(·)(R
n) (or HKα,pq(·)(R
n)) into
K˙α,pq(·)(R
n) (or Kα,pq(·)(R
n)) and from HK˙α,pq(·)(R
n) (or HKα,pq(·)(R
n)) into WK˙α,pq(·)(R
n) (or WKα,pq(·)(R
n))
at the critical index. Subsequently, we will show the standard Caldero´n-Zygmund operators is
bounded on HK˙α,pq(·)(R
n) (or HKα,pq(·)(R
n)) and from HK˙α,pq(·)(R
n) (or HKα,pq(·)(R
n)) into the weak
Herz-type Hardy spaces with variable exponent WHK˙α,pq(·)(R
n) (or WHKα,pq(·)(R
n)) at the endpoint
case.
In addition, we denote the Lebesgue measure and the characteristic function of a measurable
set A ⊂ Rn by |A| and χA respectively. The notation f ≈ g means that there exist constants
C1, C2 > 0 such that C1g ≤ f ≤ C2g.
2 Weak Herz type spaces with variable exponent
In this section we first recall some basic definitions and properties of variable function spaces,
and then introduce weak Herz spaces and weak Herz-type Hardy spaces with variable exponent.
Given an open set E ⊂ Rn, and a measurable function p(·) : E −→ [1,∞), Lp(·)(E) denotes the
set of measurable functions f on E such that for some η > 0,
∫
E
(
|f(x)|
η
)p(x)
dx <∞.
This set becomes a Banach function space when equipped with the Luxemburg-Nakano norm
‖f‖Lp(·)(E) = inf
{
η > 0 :
∫
E
(
|f(x)|
η
)p(x)
dx ≤ 1
}
.
These spaces are referred as variable Lp spaces, since they generalized the standard Lp spaces: if
p(x) = p is constant, then Lp(·)(E) is isometrically isomorphic to Lp(E).
The space L
p(·)
loc (E) is defined by
L
p(·)
loc (E) := {f : f ∈ L
p(·)(F ) for all compact subsets F ⊂ E}.
Define P(E) to be set of measurable functions p(·) : E −→ [1,∞) such that
p− = ess inf{p(x) : x ∈ E} > 1, p+ = ess sup{p(x) : x ∈ E} <∞.
Denote p′(x) = p(x)/(p(x) − 1).
Let f be a locally integrable function. The Hardy-Littlewood maximal operator is defined by
Mf(x) = sup
B∋x
1
|B|
∫
B∩E
|f(y)|dy,
where the supremum is taken over all balls B containing x. Let B(E) be the set of p(·) ∈ P(E)
such that M is bounded on Lp(·)(E).
2
In variable Lp spaces there are some important lemmas as follows.
Lemma 2.1[2] Given an open set E ⊂ Rn. If p(·) ∈ P(E) and satisfies
|p(x)− p(y)| ≤
C
− log(|x− y|)
, |x− y| ≤ 1/2 (2.1)
and
|p(x)− p(y)| ≤
C
log(|x| + e)
, |y| ≥ |x|, (2.2)
then p(·) ∈ B(E), that is the Hardy-Littlewood maximal operator M is bounded on Lp(·)(E).
Lemma 2.2[11](Generalized Ho¨lder’s inequality) Given an open set E ⊂ Rn and let p(·) ∈ P(E).
If f ∈ Lp(·)(E) and g ∈ Lp
′(·)(E), then fg is integrable on E and∫
E
|f(x)g(x)|dx ≤ rp‖f‖Lp(·)(E)‖g‖Lp′(·)(E),
where
rp = 1 + 1/p
− − 1/p+.
Lemma 2.3[9] Let p(·) ∈ B(Rn). Then there exists a positive constant C such that for all balls B
in Rn and all measurable subsets S ⊂ B,
‖χB‖Lp(·)(Rn)
‖χS‖Lp(·)(Rn)
≤ C
|B|
|S|
,
‖χS‖Lp(·)(Rn)
‖χB‖Lp(·)(Rn)
≤ C
(
|S|
|B|
)δ1
and
‖χS‖Lp′(·)(Rn)
‖χB‖Lp′(·)(Rn)
≤ C
(
|S|
|B|
)δ2
,
where 0 < δ1, δ2 < 1 depend on p(·).
Throughout this paper δ2 is the same as in Lemma 2.3.
Lemma 2.4[9] Suppose p(·) ∈ B(Rn). Then there exists a positive constant C such that for all
balls B in Rn,
1
|B|
‖χB‖Lp(·)(Rn)‖χB‖Lp′(·)(Rn) ≤ C.
Lemma 2.5[3] Given E and p(·) ∈ P(E), let f : E × E → R be a measurable function (with
respect to product measure) such that for almost every y ∈ E, f(·, y) ∈ Lp(·)(E). Then∥∥∥∥
∫
E
f(·, y)dy
∥∥∥∥
Lp(·)(E)
≤ C
∫
E
‖f(·, y)‖Lp(·)(E) dy.
Now we recall the definition of the Herz-type spaces with variable exponent. Let Bk = {x ∈
R
n : |x| ≤ 2k} and Ak = Bk \ Bk−1 for k ∈ Z. Denote Z+ and N as the sets of all positive and
non-negative integers, χk = χAk for k ∈ Z, χ˜k = χk if k ∈ Z+ and χ˜0 = χB0 .
Definition 2.1[9] Let α ∈ R, 0 < p ≤ ∞ and q(·) ∈ P(Rn). The homogeneous Herz space with
variable exponent K˙α,pq(·)(R
n) is defined by
K˙α,pq(·)(R
n) = {f ∈ L
q(·)
loc (R
n \ {0}) : ‖f‖K˙α,p
q(·)
(Rn) <∞},
where
‖f‖K˙α,p
q(·)
(Rn) =
{
∞∑
k=−∞
2kαp‖fχk‖
p
Lq(·)(Rn)
}1/p
.
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The non-homogeneous Herz space with variable exponent Kα,pq(·)(R
n) is defined by
Kα,pq(·)(R
n) = {f ∈ L
q(·)
loc (R
n) : ‖f‖Kα,p
q(·)
(Rn) <∞},
where
‖f‖Kα,p
q(·)
(Rn) =
{
∞∑
k=0
2kαp‖fχ˜k‖
p
Lq(·)(Rn)
}1/p
.
In [15], the authors gave the definition of Herz-type Hardy space with variable exponentHK˙α,pq(·)(R
n)
and the atomic decomposition characterizations. S(Rn) denotes the space of Schwartz functions,
and S ′(Rn) denotes the dual space of S(Rn). Let GN (f)(x) be the grand maximal function of f(x)
defined by
GN (f)(x) = sup
φ∈AN
|φ∗∇(f)(x)|,
where AN = {φ ∈ S(R
n) : sup
|α|,|β|≤N
|xαDβφ(x)| ≤ 1} and N > n + 1, φ∗∇ is the nontangential
maximal operator defined by
φ∗∇(f)(x) = sup
|y−x|<t
|φt ∗ f(y)|
with φt(x) = t
−nφ(x/t).
Definition 2.2[15] Let α ∈ R, 0 < p <∞, q(·) ∈ P(Rn) and N > n+ 1.
(i) The homogeneous Herz-type Hardy space with variable exponent HK˙α,pq(·)(R
n) is defined by
HK˙α,pq(·)(R
n) =
{
f ∈ S ′(Rn) : GN (f)(x) ∈ K˙
α,p
q(·)(R
n)
}
and ‖f‖HK˙α,p
q(·)
(Rn) = ‖GN(f)‖K˙α,p
q(·)
(Rn).
(ii) The non-homogeneous Herz-type Hardy space with variable exponent HKα,pq(·)(R
n) is defined
by
HKα,pq(·)(R
n) =
{
f ∈ S ′(Rn) : GN (f)(x) ∈ K
α,p
q(·)(R
n)
}
and ‖f‖HKα,p
q(·)
(Rn) = ‖GN(f)‖Kα,p
q(·)
(Rn).
For x ∈ R we denote by [x] the largest integer less than or equal to x.
Definition 2.3[15] Let nδ2 ≤ α <∞, q(·) ∈ P(R
n), and non-negative integer s ≥ [α− nδ2].
(i) A function a(x) on Rn is said to be a central (α, q(·))-atom, if it satisfies
(1) supp a ⊂ B(0, r) = {x ∈ Rn : |x| < r}.
(2) ‖a‖Lq(·)(Rn) ≤ |B(0, r)|
−α/n.
(3)
∫
Rn
a(x)xβdx = 0, |β| ≤ s.
(ii) A function a(x) on Rn is said to be a central (α, q(·))-atom of restricted type, if it satisfies
the conditions (2), (3) above and
(1)′ supp a ⊂ B(0, r), r ≥ 1.
If r = 2k for some k ∈ Z in Definition 1.3, then the corresponding central (α, q(·))-atom is called
a dyadic central (α, q(·))-atom.
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Lemma 2.6[15] Let nδ2 ≤ α < ∞, 0 < p < ∞ and q(·) ∈ B(R
n). Then f ∈ HK˙α,pq(·)(R
n)(or
HKα,pq(·)(R
n)) if and only if
f =
∞∑
k=−∞
λkak
(
or
∞∑
k=0
λkak
)
, in the sense of S ′(Rn),
where each ak is a central (α, q(·))-atom(or central (α, q(·))-atom of restricted type) with support
contained in Bk and
∞∑
k=−∞
|λk|
p <∞(or
∞∑
k=0
|λk|
p <∞). Moreover,
‖f‖HK˙α,p
q(·)
(Rn) ≈ inf
(
∞∑
k=−∞
|λk|
p
)1/p or ‖f‖HKα,p
q(·)
(Rn) ≈ inf
(
∞∑
k=0
|λk|
p
)1/p ,
where the infimum is taken over all above decompositions of f .
Next we recall the definition of the weak Herz spaces and the weak Herz-type Hardy spaces.
For k ∈ Z, let mk(σ, f) = |{x ∈ Ak : |f(x)| > σ}|; for k ∈ N, let m˜k(σ, f) = mk(σ, f) and
m˜0(σ, f) = |{x ∈ B(0, 1) : |f(x)| > σ}|.
Definition 2.4[7] Let α ∈ R, 0 < p ≤ ∞ and 0 < q < ∞. A measurable function f(x) on Rn is
said to belong to the homogeneous weak Herz space WK˙α,pq (R
n), if
‖f‖WK˙α,pq (Rn) = sup
λ>0
λ
{
∞∑
k=−∞
2kαpmk(λ, f)
p/q
}1/p
<∞,
where the usual modification is made when p =∞.
A measurable function f(x) on Rn is said to belong to the non-homogeneous weak Herz space
WKα,pq (R
n), if
‖f‖WKα,pq (Rn) = sup
λ>0
λ
{
∞∑
k=0
2kαpm˜k(λ, f)
p/q
}1/p
<∞,
where the usual modification is made when p =∞.
Definition 2.5[8] Let α ∈ R, 0 < p, q ≤ ∞ and N be sufficiently large. We define the spaces
WHK˙α,pq (R
n) = {f ∈ S ′(Rn) : GN (f)(x) ∈WK˙
α,p
q (R
n)}
and
WHKα,pq (R
n) = {f ∈ S ′(Rn) : GN (f)(x) ∈ WK
α,p
q (R
n)}.
Moreover, we define that
‖f‖WHK˙α,pq (Rn) = ‖GN (f)‖WK˙α,pq (Rn) and ‖f‖WHK
α,p
q (Rn) = ‖GN (f)‖WKα,pq (Rn).
Now we extend the Definitions 2.4 and 2.5 to the case of function spaces with variable exponent.
Definition 2.6 Let α ∈ R, 0 < p ≤ ∞ and q(·) ∈ P(Rn). A measurable function f(x) on Rn is
said to belong to the homogeneous weak Herz space with variable exponent WK˙α,pq(·)(R
n), if
‖f‖WK˙α,p
q(·)
(Rn) = sup
λ>0
λ
{
∞∑
k=−∞
2kαp‖χ{x∈Ak:|f(x)|>λ}‖
p
Lq(·)(Rn)
}1/p
<∞,
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where the usual modification is made when p =∞.
A measurable function f(x) on Rn is said to belong to the non-homogeneous weak Herz space
with variable exponent WKα,pq(·)(R
n), if
‖f‖WKα,p
q(·)
(Rn) = sup
λ>0
λ
{
∞∑
k=0
2kαp‖χ{x∈Ak:|f(x)|>λ}‖
p
Lq(·)(Rn)
}1/p
<∞,
where the usual modification is made when p =∞.
Definition 2.7 Let α ∈ R, 0 < p <∞, q(·) ∈ P(Rn) and N > n+ 1. We define the spaces
WHK˙α,pq(·)(R
n) = {f ∈ S ′(Rn) : GN (f)(x) ∈WK˙
α,p
q(·)(R
n)}
and
WHKα,pq(·)(R
n) = {f ∈ S ′(Rn) : GN (f)(x) ∈ WK
α,p
q(·)(R
n)}.
Moreover, we define that
‖f‖WHK˙α,p
q(·)
(Rn) = ‖GN (f)‖WK˙α,p
q(·)
(Rn) and ‖f‖WHKα,pq(·)(Rn) = ‖GN(f)‖WK
α,p
q(·)
(Rn).
Remark 2.1 If q(·) = q is constant in Definition 2.6 and Definition 2.7, then we can easily get
the Definition 2.4 and Definition 2.5 respectively.
Remark 2.2 If α = 0, then WLq(·)(Rn) ⊂WK˙0,pq(·)(R
n), where WLq(·)(Rn) is the weak Lebesgue
space with variable exponent and
‖f‖WLq(·)(Rn) = sup
λ>0
λ‖χ{x∈Ak:|f(x)|>λ}‖Lq(·)(Rn) <∞.
3 Boundedness of some singular integral operators
Firstly we establish the boundedness for a large class of operators on Herz type spaces with
variable exponent.
Theorem 3.1 Let 0 < α < nδ2, q(·) ∈ B(R
n), p ∈ (0, 1]. If T be a sublinear operator and bounded
on WLq(·)(Rn) satisfying
|Tf(x)| ≤ C|x|−n
∫
Rn
|f(y)|dy (3.1)
for any f ∈ L1loc(R
n), supp f ⊂ B(0, r) and x /∈ B(0, 2r). Then T maps continuously K˙α,pq(·)(R
n) (or
Kα,pq(·)(R
n)) into WK˙α,pq(·)(R
n) (or WKα,pq(·)(R
n)).
Proof We only prove the homogeneous case. The non-homogeneous case can be proved in the
same way. For any k ∈ Z, we decompose f into
f(x) = f(x)χ{|x|≤2k−3}(x) + f(x)χ{|x|>2k−3}(x) = f1(x) + f2(x).
Then |Tf(x)| ≤ |Tf1(x)|+ |Tf2(x)|, and
‖Tf‖WK˙α,p
q(·)
(Rn) = sup
λ>0
λ
{
∞∑
k=−∞
2kαp‖χ{x∈Ak:|Tf(x)|>λ}‖
p
Lq(·)(Rn)
}1/p
≤ C sup
λ>0
λ
{
∞∑
k=−∞
2kαp‖χ{x∈Ak:|Tf1(x)|>λ2 }
‖p
Lq(·)(Rn)
}1/p
6
+C sup
λ>0
λ
{
∞∑
k=−∞
2kαp‖χ{x∈Ak:|Tf2(x)|>λ2 }
‖p
Lq(·)(Rn)
}1/p
= I1 + I2.
Using the WLq(·)(Rn)-boundedness of T and 0 < p ≤ 1, we have
I2 ≤ C
{
∞∑
k=−∞
2kαp‖Tf2χk‖
p
WLq(·)(Rn)
}1/p
≤ C
{
∞∑
k=−∞
2kαp
(
∞∑
l=k−2
‖fχl‖Lq(·)(Rn)
)p}1/p
≤ C
{
∞∑
l=−∞
‖fχl‖
p
Lq(·)(Rn)
(
l+2∑
k=−∞
2kαp
)}1/p
≤ C
{
∞∑
l=−∞
2lαp‖fχl‖
p
Lq(·)(Rn)
}1/p
= C‖f‖K˙α,p
q(·)
(Rn).
For I1, noting that x ∈ Ak and supp f1 ⊂ {x ∈ R
n : |x| ≤ 2k−3}, by (3.1) and the generalized
Ho¨lder inequality we have
|Tf1(x)| ≤ C|x|
−n‖f1‖L1(Rn)
≤ C2−kn
k−3∑
l=−∞
‖fχl‖L1(Rn)
≤ C2−kn
k−3∑
l=−∞
‖fχl‖Lq(·)(Rn)‖χl‖Lq′(·)(Rn).
So by Lemmas 2.3 and 2.4 we have∥∥∥χ{x∈Ak:|Tf1(x)|>λ2 }
∥∥∥
Lq(·)(Rn)
≤
∥∥∥∥χ{x∈Ak:C2−kn ∑k−3l=−∞ ‖fχl‖Lq(·)(Rn)‖χl‖Lq′(·)(Rn)>λ2 }
∥∥∥∥
Lq(·)(Rn)
≤ C2−kn+1λ−1
k−3∑
l=−∞
‖fχl‖Lq(·)(Rn)‖χl‖Lq′(·)(Rn)‖χk‖Lq(·)(Rn)
≤ C2−knλ−1
k−3∑
l=−∞
‖fχl‖Lq(·)(Rn)‖χBl‖Lq′(·)(Rn)‖χBk‖
−1
Lq′(·)(Rn)
|Bk|
≤ Cλ−1
k−3∑
l=−∞
‖fχl‖Lq(·)(Rn)2
(l−k)nδ2 .
Thus by 0 < p ≤ 1 and 0 < α < nδ2 we obtain
I1 = C sup
λ>0
λ
{
∞∑
k=−∞
2kαp‖χ{x∈Ak:|Tf1(x)|>λ2 }
‖p
Lq(·)(Rn)
}1/p
≤ C
{
∞∑
k=−∞
2kαp
k−3∑
l=−∞
‖fχl‖
p
Lq(·)(Rn)
2(l−k)nδ2p
}1/p
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≤ C
{
∞∑
l=−∞
2lαp‖fχl‖
p
Lq(·)(Rn)
(
∞∑
k=l+3
2(l−k)(nδ2−α)p
)}1/p
≤ C
{
∞∑
l=−∞
2lαp‖fχl‖
p
Lq(·)(Rn)
}1/p
= C‖f‖K˙α,p
q(·)
(Rn).
This completes the proof of Theorem 3.1.
Remark 3.1 If the condition (3.1) is substituted by the following condition
|Tf(x)| ≤ C
∫
Rn
|f(y)|
|x− y|n
dy, x /∈ suppf, (3.2)
then the conclusions of Theorem 3.1 are still true.
Remark 3.2 The condition (3.1) is very weak and many classical operators satisfy (3.1), such as
Caldero´n-Zygmund operators, multipliers and oscillatory singular integrals, Bochner-Riesz opera-
tors at the critical index and so on.
Now we turn our attention to the behaviours of local Caldero´n-Zygmund type operators on the
Herz-type Hardy spaces with variable exponent.
Theorem 3.2 Let T : S(Rn) → S ′(Rn) be a linear and continuous operator. Assume that the
distribution kernel of T coincides in the complement of the diagonal with a locally integrable function
k(x, y) which satisfies
sup
y∈Bk
‖[k(·, y)− k(·, 0)]χl‖Lq(·)(Rn) ≤ C2
(k−l)δ−ln‖χl‖Lq(·)(Rn) (3.3)
for k, l ∈ Z, some δ ∈ (0, 1] and some q(·) ∈ B(Rn). Suppose that T can be extended to a continuous
operator on Lq(·)(Rn). If nδ2 ≤ α < nδ2+δ and 0 < p ≤ ∞, then T maps continuously HK˙
α,p
q(·)(R
n)
into K˙α,pq(·)(R
n).
Remark 3.3 If the condition (3.3) is true only for k ∈ N and l ∈ Z+, then the operator T in
Theorem 3.2 maps continously HKα,pq(·)(R
n) into Kα,pq(·)(R
n).
Remark 3.4 Assuming more regularity on the kernel k(x, y), we can extend Theorem 3.2 to larger
range of α.
Proof of Theorem 3.2 Firstly we suppose that 0 < p ≤ 1. In this case, we only need to prove
‖Tak‖K˙α,p
q(·)
(Rn) ≤ C, where ak is a dyadic central (α, q(·))-atom with the support Bk and C is
independent of k. Write
‖Tak‖K˙α,p
q(·)
(Rn) ≤ C
{
k+3∑
l=−∞
2lαp‖(Tak)χl‖
p
Lq(·)(Rn)
}1/p
+C
{
∞∑
l=k+4
2lαp‖(Tak)χl‖
p
Lq(·)(Rn)
}1/p
= J1 + J2.
Since T is bounded on Lq(·)(Rn), by Definition 2.3 we have
J1 ≤ C
{
k+3∑
l=−∞
2lαp‖Tak‖
p
Lq(·)(Rn)
}1/p
8
≤ C
{
k+3∑
l=−∞
2lαp‖ak‖
p
Lq(·)(Rn)
}1/p
≤ C2−kα
{
k+3∑
l=−∞
2lαp
}1/p
≤ C,
where C is independent of k.
For J2, using (3.3), Lemmas 2.3, 2.4, 2.5 and the generalized Ho¨lder inequality we have
‖(Tak)χl‖Lq(·)(Rn) ≤ C
∫
Bk
‖[k(·, y)− k(·, 0)]χl‖Lq(·)(Rn)|ak(y)|dy
≤ C2(k−l)δ−ln‖χl‖Lq(·)(Rn)‖ak‖Lq(·)(Rn)‖χk‖Lq′(·)(Rn)
≤ C2(k−l)δ−kα‖χBl‖
−1
Lq′(·)(Rn)
‖χBk‖Lq′(·)(Rn)
≤ C2(k−l)(δ+nδ2)−kα.
Thus by α < nδ2 + δ we obtain
J2 ≤ C
{
∞∑
l=k+4
2(l−k)(α−δ−nδ2)p
}1/p
≤ C,
where C is independent of k. This finishes the proof for the case 0 < p ≤ 1. Now let 1 < p <∞ and
f ∈ HK˙α,pq(·)(R
n). By Lemma 2.6 we get f =
∞∑
k=−∞
λkak, where ‖f‖HK˙α,p
q(·)
(Rn) ≈ inf(
∞∑
k=−∞
|λk|
p)1/p
(the infimum is taken over above decompositions of f), and ak is a dyadic central (α, q(·))-atom
with the support Bk. Write
‖Tf‖K˙α,p
q(·)
(Rn) ≤ C
{
∞∑
l=−∞
2lαp
(
l−4∑
k=−∞
|λk|‖(Tak)χl‖Lq(·)(Rn)
)p}1/p
+C
{
∞∑
l=−∞
2lαp
(
∞∑
k=l−3
|λk|‖(Tak)χl‖Lq(·)(Rn)
)p}1/p
= U1 + U2.
For U2, by the Ho¨lder inequality and the fact that T is bounded on L
q(·)(Rn), we have
U2 ≤ C
{
∞∑
l=−∞
2lαp
(
∞∑
k=l−3
|λk|‖(Tak)‖Lq(·)(Rn)
)p}1/p
≤ C
{
∞∑
l=−∞
2lαp
(
∞∑
k=l−3
|λk|2
−kα
)p}1/p
≤ C
{
∞∑
l=−∞
2lαp/2
(
∞∑
k=l−3
|λk|
p2−kαp/2
)}1/p
≤ C
{
∞∑
k=−∞
|λk|
p
}1/p
≤ C‖f‖HK˙α,p
q(·)
(Rn).
9
On the other hand, noting that α < nδ2 + δ. So by (3.3), Lemmas 2.3, 2.4, 2.5 and the generalized
Ho¨lder inequality we have
U1 ≤ C
{
∞∑
l=−∞
2lαp
(
l−4∑
k=−∞
|λk|‖ak‖L1(Rn)2
(k−l)δ−ln‖χl‖Lq(·)(Rn)
)p}1/p
≤ C
{
∞∑
l=−∞
(
l−4∑
k=−∞
|λk|2
(l−k)(α−δ−nδ2)
)p}1/p
≤ C
{
∞∑
l=−∞
(
l−4∑
k=−∞
|λk|
p2(l−k)(α−δ−nδ2)p/2
)}1/p
≤ C
{
∞∑
k=−∞
|λk|
p
(
∞∑
l=k+4
2(l−k)(α−δ−nδ2)p/2
)}1/p
≤ C
{
∞∑
k=−∞
|λk|
p
}1/p
≤ C‖f‖HK˙α,p
q(·)
(Rn).
Therefore, we complete the proof of Theorem 3.2.
When α = nδ2 + δ, we have the following result.
Theorem 3.3 Let T : S(Rn)→ S ′(Rn) be a linear operator. Suppose that the distribution kernel
of T coincides in the complement of the diagonal with a locally integrable function k(x, y) satisfying
|k(x, y)− k(x, 0)| ≤ C
|y|δ
|x|n+δ
, (3.4)
if 2|y| < |x|, for some δ ∈ (0, 1]. Suppose that T is bounded on Lq(·)(Rn) for some q(·) ∈ B(Rn), α =
nδ2+ δ and 0 < p ≤ 1, then T maps continuously HK˙
α,p
q(·)(R
n)(or HKα,pq(·)(R
n)) into WK˙α,pq(·)(R
n)(or
WKα,pq(·)(R
n)).
Proof We only prove the homogeneous case. Let α = nδ2+δ and f ∈ HK˙
α,p
q(·)(R
n). By Lemma 2.6
we get f =
∞∑
l=−∞
λlal, where ‖f‖HK˙α,p
q(·)
(Rn) ≈ inf(
∞∑
l=−∞
|λl|
p)1/p (the infimum is taken over above
decompositions of f), and al is a dyadic central (α, q(·))-atom with the support Bl. Given λ > 0,
we can write
λ
{
∞∑
k=−∞
2kαp‖χ{x∈Ak:|Tf(x)|>λ}‖
p
Lq(·)(Rn)
}1/p
≤ Cλ
{
∞∑
k=−∞
2kαp‖χ{x∈Ak:|
∑k−4
l=−∞ λlTal(x)|>
λ
2 }
‖p
Lq(·)(Rn)
}1/p
+Cλ
{
∞∑
k=−∞
2kαp‖χ{x∈Ak:|
∑
∞
l=k−3 λlTal(x)|>
λ
2 }
‖p
Lq(·)(Rn)
}1/p
= CV1 + CV2.
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For V2, by the L
q(·)(Rn)-boundedness of T , we have
V2 ≤ C


∞∑
k=−∞
2kαp
∥∥∥∥∥
∞∑
l=k−3
|λlTal|χk
∥∥∥∥∥
p
Lq(·)(Rn)


1/p
≤ C
{
∞∑
k=−∞
2kαp
(
∞∑
l=k−3
|λl|‖al‖Lq(·)(Rn)
)p}1/p
≤ C
{
∞∑
k=−∞
∞∑
l=k−3
|λl|
p2(k−l)αp
}1/p
≤ C
{
∞∑
l=−∞
|λl|
p
l+3∑
k=−∞
2(k−l)αp
}1/p
≤ C
{
∞∑
l=−∞
|λl|
p
}1/p
≤ C‖f‖HK˙α,p
q(·)
(Rn).
To estimate V1, we notice that if x ∈ Ak and k ≥ l+4, then by (3.4), α = nδ2 + δ, Lemma 2.3 and
the generalized Ho¨lder inequality we have
|Tal(x)| ≤
∫
Rn
|k(x, y)− k(x, 0)||al(y)|dy
≤ C2lδ−k(n+δ)
∫
Rn
|al(y)|dy
≤ C2lδ−k(n+δ)‖al‖Lq(·)(Rn)‖χl‖Lq′(·)(Rn)
≤ C2l(δ−α)−k(n+δ)‖χl‖Lq′(·)(Rn)
≤ C2l(δ−α)−k(n+δ)2(l−k)nδ2‖χk‖Lq′(·)(Rn)
= C2−k(n+δ+nδ2)‖χk‖Lq′(·)(Rn).
So by 0 < p ≤ 1 we have∣∣∣∣∣
k−4∑
l=−∞
λlTal(x)
∣∣∣∣∣ ≤ C2−k(n+δ+nδ2)‖χk‖Lq′(·)(Rn)
k−4∑
l=−∞
|λl|
≤ C2−k(n+δ+nδ2)‖χk‖Lq′(·)(Rn)
(
k−4∑
l=−∞
|λl|
p
)1/p
≤ C02
−k(n+δ+nδ2)‖χk‖Lq′(·)(Rn)‖f‖HK˙α,p
q(·)
(Rn).
If |{x ∈ Ak : |
∑k−4
l=−∞ λlTal(x)| >
λ
2 }| 6= 0, then
λ ≤ 2C02
−k(n+δ+nδ2)‖χk‖Lq′(·)(Rn)‖f‖HK˙α,p
q(·)
(Rn).
For any given λ > 0, let kλ be the maximal positive integer such that
2kλ(n+δ+nδ2)‖χkλ‖
−1
Lq′(·)(Rn)
≤ 2C0λ
−1‖f‖HK˙α,p
q(·)
(Rn).
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Thus by α = nδ2 + δ and Lemma 2.4 we obtain
V1 ≤ Cλ
{
kλ∑
k=−∞
2kαp‖χ{x∈Ak:|
∑k−4
l=−∞ λlTal(x)|>
λ
2 }
‖p
Lq(·)(Rn)
}1/p
≤ Cλ
{
kλ∑
k=−∞
2kαp‖χk‖
p
Lq(·)(Rn)
}1/p
≤ Cλ
{
kλ∑
k=−∞
2kαp2knp‖χk‖
−p
Lq′(·)(Rn)
}1/p
= Cλ
{
kλ∑
k=−∞
2k(n+δ+nδ2)p‖χk‖
−p
Lq′(·)(Rn)
}1/p
≤ C‖f‖HK˙α,p
q(·)
(Rn).
This completes the proof of Theorem 3.3.
Remark 3.5 Similar to the method in the proof of Theorem 3.3, we can extend the result of
Theorem 3.1 to the case α = nδ2. Here we omit the details.
If the operator T in Theorem 3.2 is of convolution type, then we can obtain the following stronger
conclusion.
Theorem 3.4 Let Tf(x) = p.v.(k ∗ f)(x) be a bounded operator on Lq(·)(Rn) for some q(·) ∈
B(Rn), and for some δ ∈ (0, 1], the kernel k satisfy
|k(x− y)− k(x)| ≤ C
|y|δ
|x|n+δ
, if |x| > 2|y|. (3.5)
If nδ2 ≤ α < nδ2+δ and 0 < p <∞, then T can be extended to a bounded operator on HK˙
α,p
q(·)(R
n)(or
HKα,pq(·)(R
n)).
Using the atomic and molecular theory for the spacesHK˙α,pq(·)(R
n) and HKα,pq(·)(R
n), we can prove
Theorem 3.4 by a standard procedure, see [15]. Here we omit the details.
For the operator T in Theorem 3.4, we have the following result which is stronger than Theorem
3.3 with the end case α = nδ2 + δ.
Theorem 3.5 Let T be the same as in Theorem 3.4 with δ ∈ (0, 1). If α = nδ2 + δ, q(·) ∈ B(R
n)
and 0 < p < ∞, then T maps continuously HK˙α,pq(·)(R
n)(or HKα,pq(·)(R
n)) into WHK˙α,pq(·)(R
n)(or
WHKα,pq(·)(R
n)).
Proof We only prove the homogeneous case. Let α = nδ2 + δ and f ∈ HK˙
α,p
q(·)(R
n). By Lemma
2.6 we get f =
∞∑
k=−∞
λkak, where ‖f‖HK˙α,p
q(·)
(Rn) ≈ inf(
∞∑
k=−∞
|λk|
p)1/p (the infimum is taken over
above decompositions of f), and ak is a dyadic central (α, q(·))-atom with the support Bk. For a
fixed λ > 0, we can write
λ


∞∑
j=−∞
2jαp‖χ{x∈Aj:GN (Tf)(x)>λ}‖
p
Lq(·)(Rn)


1/p
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≤ Cλ


∞∑
j=−∞
2jαp‖χ{x∈Aj:
∑j−4
k=−∞
|λk|GN (Tak)(x)>λ}
‖p
Lq(·)(Rn)


1/p
+Cλ


∞∑
j=−∞
2jαp‖χ{x∈Aj:
∑
∞
k=j−3 |λk|GN (Tak)(x)>λ}
‖p
Lq(·)(Rn)


1/p
= E1 + E2.
For E2, by the L
q(·)(Rn)-boundedness of GN and T , we have
E2 ≤ C


∞∑
j=−∞
2jαp
∥∥∥∥∥∥
∞∑
k=j−3
|λk|GN (Tak)
∥∥∥∥∥∥
p
Lq(·)(Rn)


1/p
≤ C


∞∑
j=−∞
2jαp

 ∞∑
k=j−3
|λk|
p‖GN (Tak)‖
p
Lq(·)(Rn)




1/p
≤ C


∞∑
j=−∞
2jαp

 ∞∑
k=j−3
|λk|
p‖Tak‖
p
Lq(·)(Rn)




1/p
≤ C


∞∑
j=−∞
2jαp

 ∞∑
k=j−3
2−kαp|λk|
p




1/p
≤ C
{
∞∑
k=−∞
|λk|
p
}1/p
≤ C‖f‖HK˙α,p
q(·)
(Rn).
Now we consider the term E1. We want to obtain the pointwise estimate for GN (Tak)(x) with
x ∈ Aj and k ≤ j − 4. Note that
∫
Rn
Tak(x)dx = 0. Let |x− y| < t and write
|(Tak ∗ φt)(y)| ≤
∫
Rn
∣∣∣∣
∫
Bk
ak(v)k(w − v)dv
∣∣∣∣ t−n
∣∣∣∣φ
(
y − w
t
)
− φ
(y
t
)∣∣∣∣ dw
≤
∫
|w|<2k+1
∣∣∣∣
∫
Bk
ak(v)k(w − v)dv
∣∣∣∣ t−n
∣∣∣∣φ
(
y − w
t
)
− φ
(y
t
)∣∣∣∣ dw
+
∫
2k+1≤|w|<|x|/2
∣∣∣∣
∫
Bk
ak(v)k(w − v)dv
∣∣∣∣ t−n
∣∣∣∣φ
(
y − w
t
)
− φ
(y
t
)∣∣∣∣ dw
+
∫
|w|≥|x|/2
∣∣∣∣
∫
Bk
ak(v)k(w − v)dv
∣∣∣∣ t−n
∣∣∣∣φ
(
y − w
t
)
− φ
(y
t
)∣∣∣∣ dw
=: F1 + F2 + F3.
For F1, by Lemma 2.3, the generalized Ho¨lder inequality and the mean value theorem, we obtain
F1 ≤ C‖Tak‖Lq(·)(Rn)t
−n
∥∥∥∥
(
φ
(
y − ·
t
)
− φ
(y
t
))
χBk+1
∥∥∥∥
Lq′(·)(Rn)
≤ C‖ak‖Lq(·)(Rn)t
−n
∥∥∥∥∥ sup|β|=1
∣∣∣∣Dβφ
(
y − θ·
t
)∣∣∣∣ | · |t χBk
∥∥∥∥∥
Lq′(·)(Rn)
≤ C‖ak‖Lq(·)(Rn)
∥∥∥∥ | · |χBk(|x− y|+ |y − θ · |)n+1
∥∥∥∥
Lq′(·)(Rn)
≤ C2−kα
1
|x|n+1
‖| · |χBk‖Lq′(·)(Rn)
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≤ C2−kα+k
1
|x|n+1
‖χBk‖Lq′(·)(Rn)
≤ C2kδ−kα
1
|x|n+δ
‖χBk‖Lq′(·)(Rn)
where 0 < θ < 1. For F2, by (3.5) and the vanishing condition of ak we have
F2 =
∫
2k+1≤|w|<|x|/2
∣∣∣∣
∫
Bk
ak(v)(k(w − v)− k(w))dv
∣∣∣∣ t−n
∣∣∣∣φ
(
y − w
t
)
− φ
(y
t
)∣∣∣∣ dw
≤
∫
2k+1≤|w|<|x|/2
(∫
Bk
|ak(v)||(k(w − v)− k(w)|dv
)
t−n sup
|β|=1
∣∣∣∣Dβφ
(
y − θw
t
)∣∣∣∣ |w|t dw
≤ C
∫
2k+1≤|w|<|x|/2
(∫
Bk
|ak(v)||v|
δdv
)
|w|
|x|n+1
1
|w|n+δ
dw
≤ C2kδ‖ak‖Lq(·)(Rn)‖χBk‖Lq′(·)(Rn)
1
|x|n+1
∫
2k+1≤|w|<|x|/2
|w|1−n−δdw
≤ C2kδ−kα‖χBk‖Lq′(·)(Rn)
1
|x|n+1
|x|1−δ
≤ C2kδ−kα
1
|x|n+δ
‖χBk‖Lq′(·)(Rn),
where 0 < θ < 1. By (3.5) and the vanishing condition of ak we can obtain
F3 ≤
∫
|w|≥|x|/2
∣∣∣∣
∫
Bk
ak(v)(k(w − v)− k(w))dv
∣∣∣∣ t−n
(∣∣∣∣φ
(
y − w
t
)∣∣∣∣+ ∣∣∣φ(yt
)∣∣∣) dw
≤ C2kδ−kα‖χBk‖Lq′(·)(Rn)
∫
|w|≥|x|/2
|w|−n−δt−n
(∣∣∣∣φ
(
y − w
t
)∣∣∣∣+
∣∣∣φ(y
t
)∣∣∣) dw
≤ C2kδ−kα‖χBk‖Lq′(·)(Rn)
(
|x|−n−δ + |x|−n
∫
|w|≥|x|/2
|w|−n−δdw
)
≤ C2kδ−kα
1
|x|n+δ
‖χBk‖Lq′(·)(Rn),
where we have invoked the fact that t + |y| > |x − y| + |y| > |x|. Thus, if x ∈ Aj and k ≤ j − 4,
then we have
GN (Tak)(x) ≤ C2
kδ−kα 1
|x|n+δ
‖χBk‖Lq′(·)(Rn).
Therefore, we obtain
j−4∑
k=−∞
|λk|GN (Tak)(x) ≤ C
j−4∑
k=−∞
|λk|2
kδ−kα 1
|x|n+δ
‖χBk‖Lq′(·)(Rn).
If |{x ∈ Aj :
∑j−4
k=−∞ |λk|GN (Tak)(x) > λ}| 6= 0, then by Lemma 2.3 and α = nδ2 + δ we have
λ < C
j−4∑
k=−∞
|λk|2
kδ−kα 1
|x|n+δ
‖χBk‖Lq′(·)(Rn)
≤ C
j−4∑
k=−∞
|λk|2
kδ−kα2−j(n+δ)2(k−j)nδ2‖χBj‖Lq′(·)(Rn)
≤ C2−j(n+α)‖χBj‖Lq′(·)(Rn)
∞∑
k=−∞
|λk|
≤ C2−j(n+α)‖χBj‖Lq′(·)(Rn)‖f‖HK˙α,p
q(·)
(Rn).
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Let jλ be the maximal integer such that the above inequality holds. Then by Lemma 2.4 we have
E1 ≤ Cλ

 jλ∑
j=−∞
2jαp‖χj‖
p
Lq(·)(Rn)


1/p
≤ Cλ

 jλ∑
j=−∞
2jαp2jnp‖χBj‖
−p
Lq′(·)(Rn)


1/p
≤ C‖f‖HK˙α,p
q(·)
(Rn).
This finishes the proof of Theorem 3.5.
In general, we have the following theorems. The proofs are similar. Here we omit the details.
Theorem 3.6 Let q(·) ∈ B(Rn), α ≥ nδ2, s = [α + nδ2] and ε0 = α + nδ2 − s. Suppose
Tf(x) = p.v.(k ∗ f)(x) is bounded on Lq(·)(Rn) and the kernel k satisfies
|DJk(x− y)−DJk(x)| ≤ C|y|ε|x|−n−ε
for all multi-index J with |J | = s, some ε > ε0 and |x| > 2|y|. If 0 < p < ∞, then T can be
extended to a bounded operator on HK˙α,pq(·)(R
n)(or HKα,pq(·)(R
n)).
Theorem 3.7 Let T be the same as in Theorem 3.6 with ε = ε0 and α > nδ2. If 0 < p ≤ 1, then
T maps continuously HK˙α,pq(·)(R
n)(or HKα,pq(·)(R
n)) into WHK˙α,pq(·)(R
n)(or WHKα,pq(·)(R
n)).
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